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03 = 3 £ 3 zero matrix
13 = 3 £ 3 identity matrix

I. Introduction

T HE Earth observing system (EOS) spacecraft series is the cor-
nerstoneofNASA’s missionto planetEarth.The � rst spacecraft

(SC), EOS AM-1, is currentlybeing developedby LockheedMartin
Missiles and Space and is scheduled for launch in 1998.

The missionof theEOS AM-1 SC requiresthat theattitudecontrol
system have a highly accurate Earth-pointingcontrollability,which
in turn demands that the SC attitudedeterminationsystem be able to
providean accurateattitudeof the vehicle.The primary sensorsused
for EOS AM-1 attitude determination include an inertia reference
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unit containingthree sets of two-axisgyroscopesand a set of optical
sensors including two solid-statestar trackers.The attitudedetermi-
nation process is implemented with the Kalman � lter algorithm; a
sixth-orderlinear time-varyingstate estimator is used to reconstruct
the three-axis attitude determination errors and the three-axis gyro
bias. The Kalman � lter algorithm has been successfully applied to
the area of SC attitude determination for more than two decades.
A complete historical survey can be found in Ref. 1. As is known,
the optimality of the Kalman � lter, in general, does not necessarily
imply its convergenceor stability.2 In many design cases, the stabil-
ity of the Kalman � lter is due to the nature of the system, namely,
observability;the stability is usuallyveri� ed by simulationswithout
further theoretical justi� cations.Hence, the obviousquestion: is the
Kalman � lter algorithm used in the gyro/star-tracker attitude deter-
mination system always stable? And if not, what is the conditionfor
the stability?

This Note presents an analytical investigation on the stability
of the stellar-inertial type of attitude determination system. The
approach is based on the observability analysis for a time-varying
system. The structure of the unobservable subspace is investigated
along with its physical explanations and implications.The analysis
indicates that, if a few star measurements are available around an
orbit, the overall system is completely observable. Together with
a discussion on the system controllability, the system stability is
proven by employing the Kalman stability theorem.

II. Mathematical Model
A. Derivation of the State Equation

Let w represent the true SC body rate vector in the SCt frame,
that is, the true SC body frame (attitude) with respect to the iner-
tial reference frame (ECI frame), and wm the gyro measured body
rate vector in the SCk frame, that is, the estimated SC body frame
(attitude) with respect to the ECI frame. The measured body rate
vector includes white noise n1 and the gyro rate bias wbias, which is
modeledas randomwalk noise (integrationof the white noisevector
n2) (Ref. 3),

wm D w C wbias ¡ n1 (1)

Pwbias D n2 (2)

Because the trueSC attitudeSCt is rotatingabout the true rate vector
w and the estimated attitudeSCk is rotating about the measured rate
vector wm , the resulting attitude determination error e from SCk to
SCt satis� es the following equation4:

Pe D we D T¡1
e w ¡ wm (3)

where Te is the transformationfrom the estimatedattitudeSCk to the
true attitude SCt and we is the rate vector of the SCt frame relative
to the SCk frame. By applying the small angle approximation

T¡1
e D .13 C [e]s/ (4)

the state equation can be obtained as

Pe
Pwbias

D
W ¡13

03 03

e
wbias

C
n1

n2
(5)

where W D ¡[w]s .
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During the normal mode of the EOS AM-1 mission, the SC will
be controlled to rotate about its pitch axis with a constant rate w0.
Because the true body rate vector w is not available for Eq. (5), w0

is used instead, which makes the A matrix a constant matrix.

B. Derivation of the Output Equation
The systemoutputvariabley.t/ is de� ned as the starmeasurement

residual

y.t/ D [sm .t/ C nm ] ¡ sc.t/ (6)

where [sm.t/ C nm] is a measured star vector from a star tracker,
sc.t/ is the correspondingstar-catalog star vector in the SCk frame,
and nm is measurement noise. The two star vectors can be related
by the following equations:

sc.t/ D Tk sci .t/; sm.t/ D Tt sci .t/; Tk D T¡1
e Tt

where sci .t/ is the correspondingstar-catalogstar vector in the ECI
frame and Tt and Tk are the transformationsfrom the ECI frame to
SCt and SCk frames, respectively.With Eq. (4), the output equation
can be written as

y.t/ D H.t/
e

wbias
C nm (7a)

with

H.t/ D [sm.t/]s 03 (7b)

C. Solution to the State Equation
The solution to the system [Eq. (5)] can be derived as x.t/ D

U .t/x.t0/, where

U .t/ D
U 1.t/ U 2.t/

03 13

(8a)

U 1.t/ D 13 C ®1W C ®2W2 (8b)

U 2.t/ D ¯013 C ¯1W C ¯2W2 (8c)

®1 D sin[kwk.t ¡ t0/]
kwk

; ®2 D 1 ¡ cos[kwk.t ¡ t0/]
kwk2

¯0 D ¡.t ¡ t0/; ¯1 D ¡®2;

¯2 D ¡
kwk.t ¡ t0/ ¡ sin[kwk.t ¡ t0/]

kwk3

The following summarizes some useful properties of the transition
matrix U .t/.

Result 1:
1) U 1.t/ and U .t/ are full rank for t ¸ t0; U 2.t/ is full normal

rank for t ¸ t0.
2) The SC rate vector w is a time-invariant eigenvector of both

U 1.t/ and U 2.t/.
Proof: Part 1 can be proven by solving eigenvalues of U .t/. Be-

cause the eigenvalues of W are 0 and § jkwk, it is straightforward
to show that the eigenvalues of U .t/ are

1; 1; 1; 1; cos[kwk.t ¡ t0/] § j sin[kwk.t ¡ t0/]

Hence, both U 1.t/ and U .t/ are nonsingular for any t. By using the
same technique, the eigenvalues of U 2.t/ can be obtained as

¡.t ¡ t0/; ¡ 1
kwk

..sin[kwk.t ¡ t0/] § j f1 ¡ cos[kwk.t ¡ t0/]g//

which means that U 2.t/ is full rank for any t , except for t D t0 C
.2k¼=kwk/, k D 0; 1; 2; : : :.

Part 2 of the result can be proven by simply using the fact that w
is an eigenvector of W corresponding to its 0 eigenvalue.

To complete this section, we include the kinematic equation of
the star vector sm .t/ in the body frame,

Psm.t/ D ¡[w]ssm .t/ D Wsm .t/ (9a)

sm .t/ D U 1.t/sm.t0/ (9b)

III. Observability, Controllability, and Stability
of the System

The followingde� nitions on linear system observabilityare stan-
dard and can be found in many textbooks.5

De� nition 1: A linear time-varying system [A; H.t/] is com-
pletely observableon [t0; C1] if and only if

y.t/ D H.t/x.t/ D H.t/U .t/x.t0/ ´ 0; t ¸ t0

implies

x0 D x.t0/ D 0

De� nition 2: The unobservable subspace of the system Xuo con-
sists of all of the vectors x0 such that

y.t/ D H.t/U .t/x0 ´ 0 for all t ¸ t0

With these de� nitions, we present the following result on the
observabilityof the attitude determination system.

Result 2: The system [A; H.t/] de� ned by Eqs. (5) and (7) is not
completelyobservablewith only one star measurementvectorsm.t/.
Moreover, 1) its normal unobservable subspace is one dimensional
and spanned by

Xuo D span

³
sm.t0/

0

´
(10)

and 2) a singularity case occurs when sm.t/ is aligned with w, the
SC rotating vector. In this case, the unobservable subspace is two
dimensional and spanned by constant vectors

Xuo D span

³
w
0

;
0
w

´
(11)

Proof: Based on the derivations in Sec. II, we have

y.t/ D [sm .t/]s 03

U 1.t/ U 2.t/

03 13

x01

x02

D [sm .t/]s[U 1.t/x01 C U 2.t/x02] for all t ¸ t0 (12)

By using Eq. (9b) and the fact that the null space of [sm .t/]s is
spanned by sm.t/, it is easy to see that any initial state vector in the
form of

x0 D k
sm .t0/

0
(13)

will cause the output y.t/ ´ 0 for all t ¸ t0, where k is an arbitrary
constant. Therefore,

k
sm.t0/

0
2 Xuo (14)

On the other hand, we want to prove that any vector x0 in Xuo is
in the form of Eq. (13). To this end, we start with an arbitrary vector
x0 2 Xuo . By the de� nition of Xuo,

y.t/ D H.t/U .t/x0 ´ 0 for all t ¸ t0 (15)
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Because this equation is also true at t D t0 , we have

y.t0/ D H.t0/U .t0/x0 D [sm .t0/]sx01 D 0 (16)

which implies

x01 D ksm.t0/ (17)

Furthermore, with Eq. (17), Eq. (15) can be reduced to

y.t/ D [sm .t/]s U 2.t/x02 ´ 0 for all t ¸ t0 (18)

Note that, for a nonzerox02 , Eq. (18) is true if and only if U 2.t/x02 ´
0 or U 2.t/x02 is parallelwith sm.t/. However, because U 2.t/x02 6D 0
for all t ¸ t0 (Result 1) and U 2.t/x02 6D ksm.t/, in general (see the
next paragraph), Eq. (18) is true if and only if x02 D 0, which
completes the proof of the � rst part of Result 2.

It is straightforward to see that U 2.t/x02 6D ksm.t/, in general,
because U 1.t/ 6D U 2.t/. However, the singular case occurs when
the initial star vector sm.t0/ is parallel with the SC rotating vector
w. In this case,

sm .t/ D w
kwk

for all t ¸ t0 (19)

Therefore, for a nonzero x02 , Eq. (18) is true if and only if x02 is
chosen such that U 2.t/x02 is parallel with w for all t ¸ t0. Because
w is the only constant eigenvector of U 2.t/ (Result 1), the only
solution is x02 D kw. Hence, we complete the proof of the second
part of Result 2.

Result 2 has the following implications. In the normal case, the
only unobservable variable of the system is the component of the
attitude determination error vector e.t/ in the direction of the mea-
sured star vector sm.t/. This portion of e.t/ cannot be determined
from y.t/ and, therefore,is uncorrectable.If the initial vectore.t0/ is
parallel with sm.t0/, then the entire motion of e.t/ will be con� ned
to be parallel with sm .t/, being unobservable all of the time. The
trajectory of the unobservable e.t/ is sinusoidal in the body frame
and a � xed vector in the inertial frame. The gyro bias vector wbias is
completely observable in this case. The singular case occurs when
sm.t/ is parallelwith w. The componentsof both e.t/ and wbias in the
direction of sm .t/ are unobservable.Because the trajectory of sm .t/
is a body-�xed vector instead of a cone as is in the normal case,
the motions of these unobservablevariables are constant in both the
body frame and the inertial frame.

The following paragraphs will address the fact that two distinct
inertial vectors are needed to completely determine the SC attitude.

Result 3: The SC attitude determination error can be fully deter-
mined if a few (at least two) star measurements around an orbit are
available.

Proof: It suf� ces to prove the case when a new star measurement
is available to update the initial measurement. In this case, the mea-
surement vector can be expressed as a piecewise continuous time
function for t ¸ t0:

sm .t/ D
sm1.t/ t0 · t < t1

sm2.t/ t1 · t
(20)

where t1 is the time instant when the second measurement vector
sm2.t/ is acquired. Because sm1.t/ and sm2.t/ are linearly indepen-
dent, it is straightforward to show that the null space of [sm.t/]s

is zero dimensional for t ¸ t0 . Therefore, there does not exist a
nonzero x0 satisfying Eq. (15), which means the system is com-
pletely observable.

Result 3 has a clear physical meaning: if two or more linearly in-
dependent star observationsaround an orbit are available, the three-
dimensional attitude determination error and three-dimensional
gyro bias information can be completely extracted from the star
measurement residual y.t/. However, in practice, more stars (more
frequent measurement updates) are needed to keep a small esti-
mation error. Without frequent updates, the estimation error grows
due to gyro measurementerrors, attitudepropagationerrors, system
noises, and external disturbance.

The derivation of the system controllability is quite straightfor-
ward. The controllability here is referred to the time-invariant pair
.A; D/, where D is from the Cholesky decomposition of Q, the in-
tensity matrix of system white noise vector [Eq. (5)],

Q D D0D (21)

Because Q is a full-rank constant matrix, the matrix D is square,
constant, and full rank. Therefore, it is trivial to show that the pair
.A; D/ is completely controllable.

The stabilityof the state estimator involves the issue of designing
an estimator gain matrix K.t/ such that [A C K.t/H.t/] is stable.
This is a necessaryand suf� cient conditionsuch that Nx.t/ ! x.t/ as
t ! 1, where Nx.t/ is the estimation of x.t/. The optimality of the
state estimator involves the issue of designing a K.t/ such that the
estimation error is minimized. For a time-varying system, Kalman
proved that the optimal estimator gain matrix can be solved from
the following differential Riccati equation:

AP.t/ C P.t/A0 ¡ P.t/H0.t/R¡1H.t/P.t/ C Q D PP.t/ (22a)

K.t/ D P.t/H0.t/R¡1 (22b)

where R is the intensity matrix of measurement noise [Eq. (7)].
However, the K.t/ obtained from Eq. (22) may not be necessarily
stabilizing. The following Kalman theorem provides a suf� cient
condition for the K.t/ to be stabilizing.

Theorem 1 (Ref. 6): The state estimator is exponentially stable
if 1) the entries of A, H.t/, Q, R¡1 are bounded; 2) the pair [A,
H.t/] is completelyobservable;and 3) the pair .A, D/ is completely
controllable.

Because we have already proven these conditions, the stabilityof
the attitude determination system follows immediately.

IV. Conclusions
Inasmuchas the Kalman � lter algorithmmay notnecessarilycon-

verge for any system, a stability analysis of the gyro/star-tracker-
type attitudedeterminationsystem is necessary.This Notepresented
mathematicalproofson systemcontrollabilityand observabilitythat
are directly related to the existence of a stable solution. The anal-
ysis indicates that the system is inherently time varying and com-
pletely controllable but not completely instantaneouslyobservable;
the unobservable subspace is one dimensional (two dimensional in
a singular case). However, under the assumption that a few star
measurements are available around an orbit, the overall system be-
comes completelyobservable.These conditionsare then used to sat-
isfy the Kalman stability theorem, and the stability of the system is
proven.
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